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Abstract. Bounded Model Checking (BMC) is one of the well known SAT based symbolic model
checking techniques. It consists in searching for a counterexample of a particular length, and gener-
ating a propositional formula that is satisfiable iff such a counterexample exists. The BMC method
is feasible for the various classes of temporal logic; in particular it is feasible for TECTL (the exis-
tential fragment of Time Computation Tree Logic) and Diagonal-free Timed Automata. The main
contribution of the paper is to show that the concept of Bounded Model Checking can be extended
to deal with TECTL−G properties of Diagonal Timed Automata. We have implementedour new
BMC algorithm, and we present preliminary experimental results, which demonstrate the efficiency
of the method.

1. Introduction

Model checkingis a verification technique that was originally developed for (untimed) temporal logics
[8]. Its main idea is to represent a finite state system, oftenderiving from a hardware or software design,
as a labelled transition system (model), to represent a specification (property) by a modal formula, and
to check automatically whether the formula holds in the model.

Over the past few years, the interest in automated verification has been moved towards concurrent
real-time systems, and now verification of such systems is anactive area of research. Various classes of
models for real time systems have been proposed in the literature, but Timed Automata [2] and Timed
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Petri Nets [20] are the best known ones. The properties to be verified are usually expressed either
in standard temporal logics like LTL [8] and CTL [13], or in their timed versions like MITL [3] and
TCTL [1]. In the paper we have decided to consider a restricted version of TCTL, since the model
checking problem for branching time logics is decidable andPSPACE-complete in contrary to the model
checking problem for MITL that is decidable but EXPSPACE-complete [28].

The practical applicability of the model checking method isstrongly restricted by so-called thestate
explosion problem. Therefore, different reduction techniques were proposedto minimise models. The
major methods include application of partial order reductions [9, 17, 22, 23, 32], symmetry reductions
[14], abstraction techniques [10, 11], BDD-based symbolicstorage methods [7, 18], and SAT-related
algorithms [5, 19, 21, 30, 25, 26, 27, 35, 34].

Bounded model checking (BMC) is one of the SAT-based (satisfiability checking) methods, and it
was introduced as a technique complementary to the BDD-based symbolic model checking for LTL
[5]. The main idea of BMC is to search for an execution (or a setof executions) of the system of some
lengthk that constitutes a counterexample for a tested property. Ifno counterexample of lengthk can
be found, thenk is increased by one. The efficiency of this method is based upon the observation that
if a system is faulty, then often examining only a (small) fragment of its state space is sufficient for
finding an error. Obviously, when testing large models and complex formulae the efficiency of the BMC
method is dependent on the speed of the chosen SAT solver, with which the test is carried out. As SAT
checkers have progressively become more effective, the efficiency of BMC has improved, an observation
experimentally demonstrated in, among others, [5, 26, 27].

In order to represent and verify real time systems it is convenient to have expressive and easy-to-use
models. Timed automata with diagonal constraints (or Diagonal Timed Automata [31]) are sufficiently
expressive to describe the essential aspects of time-dependent real-life problems in a variety of applica-
tion domains; in particular, they are very useful for modelling scheduling problems [15]. It is known that
diagonal constraints can be eliminated from diagonal timedautomata, and that they do not add expressive
power to diagonal-free timed automata [4]. However, a construction of diagonal-free timed automaton
for a given diagonal timed automaton leads to an exponential(in the number of diagonal constraints)
blowup of the number of states of the automaton, and this blowup is unavoidable. Therefore, in the
present paper we deal with diagonal timed automata.

The main contribution of the paper consists in showing that the concept of Bounded Model Checking
can be extended to deal with TECTL−G (the existential fragment of TCTL without the modality standing
for “always in the future within an interval”) properties of Diagonal Timed Automata. In particular, we
show that the discretisation method [37] can be applied to model check an arbitrary TECTL−G formula
over Diagonal Timed Automata. Moreover, we have implemented the new BMC algorithm, and we
provide some preliminary experimental results that seem tobe promising.

The rest of the paper is organised as follows. In Section 2 we briefly introduce diagonal timed au-
tomata and a model for them. In Section 3 we give a syntax and semantics for TCTL−G and its subsets.
Section 4 contains the basic definitions and notations that are used in Section 5 to define a translation
of the model checking problem for TCTL−G to the model checking problem of CTLy−G. In Section
6 we present a discretisation technique that is a base for ourimplementation of the BMC method for
TECTL−G, defined in Section 7. In Section 8 we provide some preliminary experimental results for
a modified Fischer mutual exclusion protocol, and in Section9 we show how to tailor the BMC tech-
nique from Section 7 to a specially chosen subclass of TECTL−G formulae. The last section contains
a discussion of related work and final remarks.
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2. Diagonal Timed Automata

To define diagonal time automata formally we need to say what type of clock constraints are allowed as
guards and invariants. For a finite set of real variablesX, calledclocks, and a set of natural numbers
N = {0, 1, . . .} , we define the setC(X) of clock constraintsoverX by the following grammar:

cc ::= true | x ∼ c | x− y ∼ c | cc ∧ cc

wherex, y ∈ X, c ∈ N and∼ ∈ {<, ≤, =, >, ≥ }.
A clock valuationv is a total function fromX into the set of nonnegative real numbersR. RX denotes

the set of all clock valuations. For a clock constraintcc ∈ C(X), JccK denotes the set of all clock
valuations that satisfycc. The clock valuation assigning the value0 to all clocks inX is denoted byv0.
For v ∈ RX andδ ∈ R, the clock valuationv + δ assigns the valuev(x) + δ to each clockx ∈ X. For
v ∈ RX andY ⊆ X, v[Y ] denotes the clock valuation that assigns the value0 to each clock inY and
leaves the values of the other clocks unchanged.

Definition 2.1. (Diagonal Timed Automaton)
LetPV be a set of propositional variables. Adiagonal timed automaton(for short atimed automaton) is
a tupleA = (Σ, L, l0,X,I, R,V), whereΣ is a nonempty finite set of actions,L is a nonempty finite set
of locations,l0 ∈ L is an initial location,V : L 7→ 2PV is a valuation function assigning to each location
a set of atomic propositions true in that location,X is a finite set of clocks,I : L 7→ C(X) is a state
invariant function, andR ⊆ L× Σ × C(X) × 2X × L is a transition relation.

An element(l, σ, cc, Y, l′) ∈ R represents a transition from the locationl to the locationl′ labelled
with the actionσ. The invariant condition allows the automaton to stay at thelocationl as long only as
the constraintI(l) is satisfied. The guardcc has to be satisfied to enable the transition. The transition
resets all clocks in the setY to the value0.

The semantics of a timed automatonA is defined by associating to it adense modelas defined below.

Definition 2.2. (Dense Model)
Let A = (Σ, L, l0,X,I, R,V) be a timed automaton. Adense modelfor A is a tupleG(A) = (Σ ∪

R, Q, q0, Ṽ ,→), whereΣ ∪ R is a set of labels,Q = L× RX is a set of states,q0 = (l0, v0) is an initial
state,Ṽ : Q 7→ 2PV is a valuation function such that̃V((l, v)) = V(l), and→ ⊆ Q× (Σ ∪ R) ×Q is a
transition relation ofG(A) defined by:

• Time transitions:(l, v)
δ
→ (l, v + δ) iff (∀0 ≤ δ′ ≤ δ) v + δ′ ∈ JI(l)K

• Action transitions:(l, v)
σ
→ (l′, v′) iff (∃cc ∈ C(X))(∃Y ⊆ X) such thatv′ = v[Y ], (l, σ, cc,

Y, l′) ∈ R, v ∈ JccK, andv′ ∈ JI(l′)K.

Intuitively, a time transition does not change a location, but describes an equal increase in the value of
all the clocks, provided that the new clock valuations stillsatisfy all the location invariants. An action
transition corresponds to an action performed by the automaton under consideration. Following this, its
location changes accordingly, and all the clocks that are associated with the action are set to zero (i.e.,
the ones which belong to the setY ⊆ X). Obviously, the action can be performed only if the underling
enabling condition is satisfied.
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The below lemma shows that for the considered set of clock constraintsC(X), in the semantics of

timed automata the condition of a time transition(l, v)
δ
→ (l, v + δ) can be replaced by the following:

v ∈ JI(l)K andv + δ ∈ JI(l)K.

Lemma 2.1. Let cc ∈ C(X), v ∈ RX , andδ ∈ R. If v ∈ JccK and v + δ ∈ JccK, then for each
(0 ≤ δ′ ≤ δ) v + δ′ ∈ JccK.

Proof: Straightforward by induction on clock constraints. ut

For (l, v) ∈ Q, let (l, v) + δ denote(l, v + δ). A q0-run ρ of A is a sequence of states:

q0
δ0→ q0 + δ0

σ0→ q1
δ1→ q1 + δ1

σ1→ q2
δ2→ . . .,

whereqi ∈ Q, σi ∈ Σ andδi ∈ R+ for eachi ∈ N. In other words, a run is an infinite sequence of states
such that action transitions are taken infinitely often and time transitions are aggregated. Notice that the
semantics does not permit to perform two consecutive actiontransitions, that is, between each two action
transitions some time must pass. This is a convenient way of representing a series of events to be taken
in a continuous time.

Given a runρ = q0
δ0→ q0 + δ0

σ0→ q1
δ1→ q1 + δ1

σ1→ q2
δ2→ . . ., we say that a runρ′ = q′0

δ′
0→ q′0 + δ′0

σ′
0→

q′1
δ′
1→ q′1 + δ′1

σ′
1→ q′2

δ′
2→ . . . is asuffixof ρ if there existsi ∈ N such thatq′0 = qi andσ′j = σi+j and

δ′j = δi+j for eachj ∈ N.
In line with much of the literature of the real life systems wemake the assumption that a system

under consideration runs continuously without termination. This requirement is normally expressed by
distinguishing betweendiscrete progressandtime progress. Under discrete progress we allow for action
transitions to happen infinitely often, that is, no state occurs without action successors. Under time
progress one assumes that time may pass without an upper bound; this is usually formalised by the
notion ofnon-zenoruns.

Formally, an infinite runρ is said to benon-zenoiff Σi∈Nδi is unbounded. An infinite runρ is
said to bezenoiff Σi∈Nδi is bounded by some real value. As an example, consider the automaton

shown in Figure 1. Itsq0-run (q0, 0)
1
→ (q0, 1)

a
→ (q0, 1)

0.5
→ (q0, 1.5)

a
→ (q0, 1.5)

0.25
→ (q0, 1.75)

a
→

(q0, 1.75)
0.125
→ (q0, 1.875)

a
→ (q0, 1.875)

0.0625
→ . . . is zeno. On the other hand the followingq0-run

(q0, 0)
1
→ (q0, 1)

b
→ (q1, 1)

1
→ (q1, 2)

c
→ (q1, 0)

1
→ (q1, 1)

c
→ (q1, 0)

1
→ (q1, 1)

c
→ . . . is non-zeno.

q0 q1
b

a c,x := 0

x := 0

x ≤ 2 x ≤ 2

Figure 1. An example of non-time progressive timed automaton.

We say thatA is time-progressiveiff all its q0-runs are non-zeno. For easiness of presentation, we
consider only time-progressive timed automata; note that time-progressiveness can be checked as in[31].
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3. Time Computation Tree Logic without G

In this section, we formally present a syntax and semantics of TCTL−G, a fragment of Time Compu-
tation Tree Logic (TCTL) [1] that does not include the modality for “always in the future within some
interval”.

Syntax. Let PV be a set of propositional variables containing the symbol> (denoting the constant
“true”), andI an interval inR with integer bounds of the form[n, n′], [n, n′), (n, n′], (n, n′), (n,∞),
and [n,∞), for n, n′ ∈ N. For p ∈ PV , the set of TCTL−G formulae is defined by the following
grammar:

ϕ := p | ¬p | ϕ ∧ ϕ | ϕ ∨ ϕ | E(ϕUIϕ) | A(ϕUIϕ)

The other basic operators are defined as usual:⊥
def
= ¬>, α ⇒ β

def
= ¬α ∨ β, α ⇔ β

def
= (α ⇒

β) ∧ (β ⇒ α), EFIα
def
= E(>UIα), AFIα

def
= A(>UIα).

TECTL−G is a fragment of TCTL−G such that the temporal formulae are restricted to the Boolean
combination ofE(αUIβ) only. Similarly, TACTL−G is a fragment of TCTL−G such that the temporal
formulae are restricted to the Boolean combination ofA(αUIβ) only.

Semantics.LetA = (Σ, L, l0,X,I, R,V) be a timed automaton,G(A) = (Σ∪R, Q, q0, Ṽ ,→) a dense

model forA, ρ = q0
δ0→ q0 + δ0

σ0→ q1
δ1→ q1 + δ1

σ1→ q2
δ2→ . . . a run ofA such thatqi ∈ Q andδi ∈ R+

for all i ∈ N, andfA(q0) denote the set of all suchq0-runs that are suffixes of theq0-runs. In order to
define a satisfaction relation for TCTL−G, we define the notion of adense pathπρ corresponding to run
ρ. This can be done in an unique way because of the assumption that δi ∈ R+. First, letidx(ρ, r) be
the greatesti ∈ N such thatΣi−1

j=0δj ≤ r. Notice that fori = 0 we let Σi−1
j=0δj = 0. So, forr ≤ δ0,

idx(ρ, r) = 0. Now,a dense pathπρ corresponding toρ is a mapping fromR to the set of statesQ such
thatπρ(r) = qi + r − Σi−1

j=0δj wherei = idx(ρ, r).

Definition 3.1. (Satisfaction)
Let G(A) = (Σ ∪ R, Q, q0, Ṽ ,→) be adense model, q a state, andα, β TCTL−G formulae. The
satisfaction relation|=, which indicates truth of a formula in the dense modelG(A) at stateq, is defined
inductively as follows:

G(A), q |= p iff p ∈ Ṽ(q), G(A), q |= α ∨ β iff G(A), q |= α or G(A), q |= β,

G(A), q |= ¬p iff p 6∈ Ṽ(q), G(A), q |= α ∧ β iff G(A), q |= α andG(A), q |= β,

G(A), q |= E(αUIβ) iff (∃ ρ ∈ fA(q))(∃r ∈ I)[G(A), πρ(r) |= β and (∀r′ < r) G(A), πρ(r
′) |= α],

G(A), q |= A(αUIβ) iff (∀ ρ ∈ fA(q))(∃r ∈ I)[G(A), πρ(r) |= β and (∀r′ < r) G(A), πρ(r
′) |= α].

We end the section by defining the notion of validity in a densemodel and defining formally the
model checking problem.

A TCTL−G formulaϕ is valid in a dense modelG(A) (denoted byG(A) |= ϕ) iff G(A), q0 |= ϕ,
i.e.ϕ is true at the initial state of the dense modelG(A); checking validity for givenG(A) andϕ is called
themodel checking problem.
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4. Equivalence of Clock Assignments and Region Graph

Consider a system that is described by a time automatonA. By Definition 2.2, the dense modelG(A)
has infinitely many states, however, not all of these states are distinguishable by TCTL−G, which is
interpreted overG(A). Namely, if two states agree on the integral parts of all the clock values, and
also on the ordering of the fractional parts of all the clocks, then the computation trees rooted at these
two states cannot be distinguished by TCTL−Gformulae. The integral parts of the clocks in a state are
needed to determine whether or not a particular enabling condition is met, whereas the ordering of the
fractional parts is needed to decide which clock will changeits integral part first. For example, if two
clocksx andy are between0 and1 in a state, then whether or not a transition with enabling condition
x ≥ 1 can be followed by a transition with enabling conditiony ≥ 1, depends on whether or not the state
satisfiesx < y. Now we formalise the above.

Definition 4.1. (Weak Region Equivalence)
LetA = (Σ, L, l0,X,I, R,V) be a timed automaton, and for anyt ∈ R, let 〈t〉 denote the fractional part
of t andbtc its integral part. A relation∼=⊆ RX × RX , calledweak region equivalence[37], is defined
as follows. For two clock valuationsu andv in RX , we say thatu ∼= v iff all the following conditions
hold:

E1. bu(x)c = bv(x)c, for all x ∈ X,

E2. 〈u(x)〉 = 0 iff 〈v(x)〉 = 0, for all x ∈ X,

E3. 〈u(x)〉 < 〈u(y)〉 iff 〈v(x)〉 < 〈v(y)〉, for all x, y ∈ X.

Note that the condition E3 implies the following condition:

E4. 〈u(x)〉 = 〈u(y)〉 iff 〈v(x)〉 = 〈v(y)〉, for all x, y ∈ X

The relation∼= partitionsRX into zonesdenoted byZ, Z ′, and so on; the set of all the zones is
denoted byZ(|X|). Observe that the relation∼= has an infinite index, so the setZ(|X|) is infinite.

To perform a TCTL−G model checking algorithm efficiently, we need to consider a more coarser
model than the dense one. Aregion graph (RG), as defined below, can be viewed as such a model.

Definition 4.2. (Region Graph)
Let A = (Σ, L, l0,X,I, R,V) be a timed automaton.A Region graphfor A is a tupleMrg = (Σ ∪

{τ}, Qrg, q
0
rg, Ṽrg,→rg), whereQrg = L × Z(|X|) is a set of states calledregions, q0rg = (l0, {v0})

is an initial region,Ṽrg : Qrg 7→ 2PV is a valuation function defined by:̃Vrg((l, Z)) = V(l), and
→rg⊆ Qrg × (Σ ∪ {τ}) ×Qrg is defined by:

• Time transition:(l, Z)
τ
→rg (l, Z ′) iff there existv ∈ Z andv′ ∈ Z ′ such that

a.) (l, v)
δ
→ (l, v′) for someδ ∈ R+, and

b.) if (l, v)
δ′
→ (l, v′′)

δ′′
→ (l, v′) with δ′, δ′′ ∈ R+, and(l, Z ′′) ∈ Qrg for someZ ′′ such that

v′′ ∈ Z ′′, thenv ∼= v′′ or v′′ ∼= v′.
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• Action transition: For anyσ ∈ Σ, (l, Z)
σ
→rg (l′, Z ′) iff there existsZ ′′ such that(l, Z)

τ
→rg

(l, Z ′′) and there existv ∈ Z ′′ andv′ ∈ Z ′ such that(l, v)
σ
→ (l′, v′).

Observe that since the setZ(|X|) is infinite, so the setQrg. Note also that the case (b) of the
definition of the time transition is necessary to preserve validity of the TCTL−G formulae of the form
E(αUIβ) andA(αUIβ) over the region graph. This will be shown below.

Let us start by extending the equivalence relation∼= to an equivalence relation over the set of states
of the dense model, and proving some auxiliary lemmas 4.1- 4.4.

Definition 4.3. For any(l, u) and(l′, u′) in Q, we say that(l, u) ∼= (l′, u′) iff l = l′ andu ∼= u′.

Lemma 4.1. LetX be a set of clocks, andu, v ∈ RX be clock valuations such thatu ∼= v. For any clock
constraintcc ∈ C(X), u ∈ JccK iff v ∈ JccK.

Proof: Straightforward induction on clock constraints. ut

Lemma 4.2. Let u, v be clock valuations such thatu ∼= v. For everyδ ∈ R there existsδ′ ∈ R such that
u+ δ ∼= v + δ′.

Proof: We omit the proof as it is analogous to the proof of the Lemma 4.3 of [36] ut

Lemma 4.3. Letσ ∈ Σ, andq1, q2 be states such thatq1 ∼= q2. For each stateq3 such thatq1
σ
→ q3 there

exists a stateq4 such thatq2
σ
→ q4 andq3 ∼= q4.

Proof: Straightforward, by using Lemma 4.1. ut

Lemma 4.4. Let q0, q′0 be two states such thatq0 ∼= q′0, andρ be a runq0
δ0→ q0 + δ0

σ0→ q1
δ1→

q1 + δ1
σ1→ q2

δ2→ . . . of G(A). There exists a runρ′ of G(A) such thatπρ′(0) = q′0, and for everyr ∈ R,
πρ(r) ∼= πρ′(r)).

Proof: Straightforward, by using Lemmas 4.2 and 4.3. ut

We can now show that all the states that belong to the same region satisfy the same set of TCTL−G

formulae. In fact, we could show that Lemma 4.5 holds for the whole TCTL language, however since
in the paper we are interested in the TCTL−G fragment of TCTL, we will prove the lemma for this
fragment only.

Lemma 4.5. Let A be a timed automaton,ϕ a TCTL−G formula,G(A) a dense model forA, l a loca-
tion, andu, v two clock valuations such thatu ∼= v. Then,G(A), (l, u) |= ϕ iff G(A), (l, v) |= ϕ.

Proof: [Induction on the length of TCTL−G formulae].
It is easy to see that the thesis holds for all the propositional variables and for all the negations of

propositional variables. Ifϕ is of the formα∨β orα∧ β, then the proof of the thesis is straightforward.
It remains to prove that the thesis holds for formulae of the form E(αUIβ) andA(αUIβ).
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Consider a formulaϕ to be of the formE(αUIβ) and suppose thatG(A), q |= E(αUIβ). By
Definition 3.1 we have that for some runρ ∈ fA(q) there existsr ∈ I such that

G(A), πρ(r) |= β and (∀r′ < r) G(A), πρ(r
′) |= α

By Lemma 4.4 there exists a runρ′ ∈ fA(q′) such that for everyr ∈ R, πρ(r) ∼= πρ′(r). Thus, by
the induction hypothesesG(A), πρ′(r) |= β and(∀r′ < r) G(A), πρ′(r

′) |= α. Hence it follows that
G(A), q′ |= E(αUIβ).

The proof of the caseA(αUIβ) is analogous. ut

5. Translation from TCTL −G to CTL y
−G

Here, we show how to translate the model checking problem forTCTL−G to the model checking prob-
lem for CTLy−G, a logic defined later on. The idea of the translation is takenfrom [1], and consists in
encoding all the time intervals appearing in the TCTL−G formula under consideration by propositional
variables.

Formally, given a timed automatonA = (Σ, L, l0,X,I, R,V), and a TCTL−G formulaϕ, we first
construct a new timed automatonAϕ = (Σ′, L′, l′0,X ′,I ′, R′,V ′) in the following way:

• Σ′ = Σ ∪ {σy}, L′ = L, l′0 = l0, I ′ = I, andV ′ = V,

• X ′ = X ∪ {y}. A new clocky corresponds to all the time intervals appearing inϕ; one clock is
sufficient to perform the bounded model checking algorithm that is proposed in the next section,
however, other model checking methods can require one clockper one time interval appearing in
the TCTL−G formula under consideration.

• R′ = R ∪ {(l, σy, true, {y}, l) | l ∈ L}. The new transitions are used to reset the new clocky,
and so to start the runs over which sub-formulae ofϕ are checked.

Next, we extend the set of propositional variablesPV into the setPV ′ = PV ∪ PVϕ ∪ {pb}, where
PVϕ = {py∈I | I is a time interval inϕ} andpb is a proposition variable representing so calledboundary
regions; a region(l, Z) is calledboundaryif for eachδ ∈ R+ and eachv ∈ Z, (v, v + δ) 6∈∼=. Then,
we construct the region graphMrg = (Σ∪{τ}, Qrg , q

0
rg, Ṽrg,→rg) for Aϕ such that̃Vrg : Qrg 7→ 2PV′

,
Mrg, (l, Z) |= py∈I iff there existsv ∈ Z such thatv(y) ∈ I, andMrg, (l, Z) |= pb iff there existsx ∈ X
such that for allv ∈ Z, 〈v(x)〉 = 0. Finally, we translate the TCTL−G formulaϕ into a CTLy−G formula
ψ = cr(ϕ) in such a way that the model checking ofϕ over the dense model forA can be reduced to the
model checking ofψ over the region graph forAϕ. In order to describe this translation formally, first we
have to define the CTLy−G language.

Forp ∈ PV ′, the set of CTLy−G formulaeWF is defined by the following grammar:

α := p | ¬p | α ∧ α | α ∨ α | Ey(αUα) | Ay(αUα)

The CTLy−G language is interpreted over the region graph forAϕ as defined below.

Definition 5.1. (Satisfaction for CTLy−G)
Let Mrg = (Σ ∪ {τ}, Qrg, q

0
rg, Ṽrg,→rg) be the region graph forAϕ, q ∈ Qrg, α, β formulae of

CTLy−G, →A denote the part of→rg, where transitions are labelled with elements ofΣ ∪ {τ}, and→y

denote the transitions that reset the clocky. A pathπ inMrg is a sequence(q0, q1, . . .) of states such that
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qi →A qi+1 for eachi ∈ N, andΠ(s) denotes the set of all the paths starting atq inMrg. The satisfaction
relation|= is defined inductively as follows:

Mrg, q |= p iff p ∈ Ṽrg(q),

Mrg, q |= ¬p iff p 6∈ Ṽrg(q),

Mrg, q |= α ∨ β iff Mrg, q |= α or Mrg, q |= β,

Mrg, q |= α ∧ β iff Mrg, q |= α and Mrg, q |= β,

Mrg, q |= Ey(αUβ) iff (∃q′ ∈ Qrg)(q →y q
′ and(∃π ∈ Π(q′))(∃m ≥ 0) [Mrg, π(m) |= β

and(∀j < m) Mrg, π(j) |= α]),

Mrg, q |= Ay(αUβ) iff (∃q′ ∈ Qrg)(q →y q
′ and(∀π ∈ Π(q′))(∃m ≥ 0) [Mrg, π(m) |= β

and(∀j < m) Mrg, π(j) |= α]).
A CTLy−G formulaϕ is valid in Mrg (denotedMrg |= ϕ) iff Mrg, q

0
rg |= ϕ, i.e.,ϕ is true at the

initial state ofMrg.

Having defined the CTLy−G logic, we can now introduce the translation mentioned above.

Definition 5.2. (Translation)
Letϕ be a TCTL−G formula.ϕ is translated inductively into the CTLy−G formulacr(ϕ) as follows:

• cr(p) = p for p ∈ PV ′

• cr(¬p) = ¬cr(p) for p ∈ PV ′

• cr(α ∨ β) = cr(α) ∨ cr(β)

• cr(α ∧ β) = cr(α) ∧ cr(β)

• cr(E(αUIβ)) = Ey(cr(α)U(cr(β) ∧ py∈I ∧ (pb ∨ cr(α))))

• cr(A(αUIβ)) = Ay(cr(α)U(cr(β) ∧ py∈I ∧ (pb ∨ cr(α))))

It is clear how to translate the TCTL−G formulae that are either disjunction or conjunction of the
TCTL−G formulae. The same concerns the proposition variables and their negations. To translate the
TCTL−G formulae of the formE(αUIβ) we have to ensure that:

a.) there exists a pathπ = (s0, . . . , si, . . .) in the region graph forAϕ that starts at a state with the
value of the clocky equal to zero; this is expressed by the quantifierEy.

b.) there is a statesi = (l, v) on the pathπ such thatv(y) ∈ I and the translation ofβ holds in this
state; this is expressed by the requirementcr(β) ∧ py∈I .

c.) the translation ofα holds in all the statessj on the pathπ, for j < i; this is expressed by employing
the standard until operator, i.e.,cr(α)U(cr(β) ∧ py∈I).

To understand the conjunctpb∨cr(α) notice that we have to take into consideration the shape of a region
in which cr(β) holds. Namely, if this region is not boundary, then its borders are open, and therefore
each state belonging to the region has some time predecessors that also belong to the same region. Thus,
if we require thatE(αUIβ) holds, thencr(α) holds continuously untilcr(β), andcr(α) must hold at all
the states of the region wherecr(β) holds; this is expressed by the conditionpb∨cr(α) put in conjunction
with cr(β) ∧ py∈I .
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To translate the TCTL−G formulae of the formA(αUIβ) we proceed in a similar way as in the
case ofE(αUIβ). The only difference is in point (a), i.e., we have to ensure now that for all the paths
π = (s0, . . . , si, . . .) in the region graph forAϕ that starts at a state with the value of the clocky equal
to zero.

The following lemma shows that validity of the TCTL−G formulaϕ over the model forA is equiv-
alent to the validity of the corresponding CTLy−G formula cr(ϕ) over the region graph forAϕ with the
extended valuation function.

Lemma 5.1. Let A be a timed automaton,G(A) a dense model forA, ϕ TCTL−G formula, andMrg

the region graph forAϕ. Further, letv�X denote the restriction of the valuationv to the setX, (l, v)�

X
def
= (l, v�X), and for any state(l, v)�X ∈ Q, [(l, v)] denote the equivalence class of(l, v) induced by

the relation∼=. Then,G(A), (l, v)�X |= ϕ iff Mrg, [(l, v)] |= cr(ϕ).

Proof: [Induction on the length of formulae]
(“Left-to-right”) It is obvious that the thesis holds for all the propositional variables and their negations.
Next, assume that the hypothesis holds for all the proper sub-formulae ofϕ. If ϕ is equal to eitherα ∧ β
or α ∨ β, then it is easy to check that the lemma holds. Considerϕ to be of the following forms:

• ϕ = E(αUIβ). By Definition 3.1, we have thatG(A), (l, v)�X |= E(αUIβ) if

(∃ ρ ∈ fA((l, v)�X))(∃r ∈ I)[G(A), πρ(r) |= β and (∀r′ < r) G(A), πρ(r
′) |= α] (1)

By the definition of run we have thatρ must be of the following form:

(l0, v0)
δ0→ (l0, v0) + δ0

σ0→ (l1, v1)
δ1→ (l1, v1) + δ1

σ1→ (l2, v2)
δ2→ . . . (2)

where(l0, v0) = (l, v) �X, andδi ∈ R+ for all i ≥ 0. Sinceρ is progressive, we have that
r =

∑i−1
j=0 δj + δ for some0 ≤ δ < δi andi ≥ 0. Consider the following ”augmented” runρ∗:

(l0, v
∗
0)

δ0→ (l0, v
∗
0) + δ0

σ0→ (l1, v
∗
1)

δ1→ (l1, v
∗
1) + δ1

σ1→ (l2, v
∗
2)

δ2→ . . . (3)

where(∀i ≥ 0)(∀x ∈ X ′ \ {y}) v∗i (x) = vi(x), andv∗0(y) = 0 and(∀i > 0), v∗i (y) =
∑i−1

j=0 δj .

It is easy to notice thatρ∗ is a run ofAϕ. Now, since the clocky cannot be reset alongρ∗, it we
have thatr = v∗i (y) + δ, which implies thatpy∈I ∈ Ṽ(πρ∗(r)). Consider the following path:

π = [(l0, v
∗
0)], [(l0, v

∗
0) + δ10 ], . . . , [(l0, v

∗
0) + δn0

0 ], [(l1, v
∗
1)], (4)

[(l1, v
∗
1) + δ11 ], . . . , [(l1, v

∗
1) + δn1

1 ], [(l2, v
∗
2)] . . . ,

. . .

[(li−1, v
∗
i−1)], [(li−1, v

∗
i−1) + δ1i−1], . . . , [(li−1, v

∗
i−1) + δ

ni−1

i−1 ], [(li, v
∗
i )],

[(li, v
∗
i ) + δ1i ], . . . , [(li, v

∗
i ) + δnδ

i ], . . . , [(li, v
∗
i ) + δni

i ][(li+1, v
∗
i+1)] . . . ,

with δi =
∑ni

j=0 δ
j
i , δ

j
i ∈ (0, 1), and for allj ∈ {0, . . . , ni−1} either(li, v∗i +δji )

∼= (li, v
∗
i +δj+1

i )

or [(li, v
∗
i + δji )]

τ
→rg [(li, v

∗
i + δj+1

i )] , andπ(k) = [πρ∗(r)] for

k =

{ ∑i−1
j=0 nj, δ = 0

∑i−1
j=0 nj + nδ, δ > 0
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By the construction of the pathπ, we have thatπ is a valid path ofMrg andpy∈I ∈ Ṽrg(π(k))

(note thatpy∈I ∈ Ṽ(πρ∗(r))).

Now, consider the following two cases:

A. Let [πρ∗(r)] be a boundary region. Since[πρ∗(r)] is boundary, by the definition of the val-
uation functionṼrg we have thatpb ∈ Ṽrg(π(k)). Further, since (1) holds, by the induction
assumption, the construction ofπ and Lemma 4.5, we have thatMrg, π(k) |= cr(β) and
Mrg, π(j) |= cr(α) for all j < k.

B. Let [πρ∗(r)] be a non-boundary state. Then, since the intervalI is of the form[a, b], [a, b),
(a, b], (a, b), [a,∞), or (a,∞) for a, b ∈ N, we have that there existsr′ < r such that
πρ∗(r) ∼= πρ∗(r

′). Thus, since (1) holds, by Lemma 4.5 we have thatG(A), πρ∗(r) |= α.
Further, by the induction assumption and the construction of π we have thatMrg, π(k) |=
cr(β) andMrg, π(j) |= cr(α) for all j ≤ k.

Further, it is easy to see that[(l, v)] →rg π(0) 1. Therefore, by the definition of the satisfaction
relation for CTLy−G formulae, we conclude thatMrg, [(l, v)] |= cr(ϕ).

• ϕ = A(αUIβ). The proof is similar to theEUI case.

(“Right-to-left”) It is obvious that the thesis holds for all the propositional variables and their nega-
tions. Next, assume that the hypothesis holds for all the proper sub-formulae ofϕ. If ϕ is equal to either
α ∧ β or α ∨ β, then it is easy to check that the lemma holds. Considerϕ to be of the following forms:

• ϕ = cr(E(αUIβ)). By definitions of cr and the satisfaction relation for CTLy
−G formulae, we

have thatMrg, [(l, v)] |= Ey(cr(α)U(cr(β) ∧ py∈Ii ∧ (pb ∨ cr(α)))) if

(∃[(l, v′)] ∈ Qrg)([(l, v)] →y [(l, v′)] and (∃π ∈ Π([(l, v′)]))(∃m ≥ 0) (3)

[Mrg, π(m) |= (cr(β) ∧ py∈I ∧ (pb ∨ cr(α))) and (∀j < m) Mrg, π(j) |= cr(α)])

Observe thatπ is of the following form:

π = [(l0, v
∗
0)], [(l0, v

∗
0) + δ10 ], . . . , [(l0, v

∗
0) + δn0

0 ], [(l1, v
∗
1)], (5)

[(l1, v
∗
1) + δ11 ], . . . , [(l1, v

∗
1) + δn1

1 ], [(l2, v
∗
2)] . . . ,

. . .

[(li−1, v
∗
i−1)], [(li−1, v

∗
i−1) + δ1i−1], . . . , [(li−1, v

∗
i−1) + δ

ni−1

i−1 ], [(li, v
∗
i )],

[(li, v
∗
i ) + δ1i ], . . . , [(li, v

∗
i ) + δnδ

i ], . . . , [(li, v
∗
i ) + δni

i ][(li+1, v
∗
i+1)] . . . ,

such that(l0, v∗0) = (l, v′), δji ∈ (0, 1), for all j ∈ {0, . . . , ni − 1} either(li, v∗i + δji )
∼= (li, v

∗
i +

δj+1
i ) or [(li, v

∗
i +δ

j
i )]

τ
→rg [(li, v

∗
i +δj+1

i )], andv∗0(y) = 0 and(∀i > 0), v∗i (y) =
∑i−1

j=0

∑ni

t=1 δ
t
j.

Consider the following “augmented” runρ∗:

(l0, v
∗
0)

δ0→ (l0, v
∗
0) + δ0

σ0→ (l1, v
∗
1)

δ1→ (l1, v
∗
1) + δ1

σ1→ (l2, v
∗
2)

δ2→ . . . (7)

. . .

(li−1, v
∗
i−1)

δi−1
→ (li−1, v

∗
i−1) + δi−1

σi−1
→ (li, v

∗
i )

δnδ→ (li, v
∗
i ) + δnδ

i . . .

1Note thatπ(0) = [(l, v∗0)], v∗0�X = v�X, andv∗0(y) = 0.
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whereδi =
∑ni

j=0 δ
j
i for i ≥ 0. Next, take the following runρ:

(l0, v0)
δ0→ (l0, v0) + δ0

σ0→ (l1, v1)
δ1→ (l1, v1) + δ1

σ1→ (l2, v2)
δ2→ . . . (8)

. . .

(li−1, vi−1)
δi−1
→ (li−1, vi−1) + δi−1

σi−1
→ (li, vi)

δnδ→ (li, vi) + δnδ

i . . .

where for alli ≥ 0, vi = v∗i � X. Then, associate withρ a dense pathπρ : R 7→Q such that
πρ(r) = (li, vi)+δ and0 ≤ δ ≤ δi r =

∑i−1
j=0 δj+δi. Moreover, assume thatπ(m) = [πρ(rm)] for

rm =
∑i−1

j=0 δj + δnδ

i . Since (3) holds, by the construction of the runρ, the inductive assumption,
and Lemma 4.5 we have that

G(A), πρ(rm) |= β ∧ py∈I ∧ (pb ∨ α) (9)

and for allr′ ≤ rm−1 with [πρ(rm−1)] = π(m− 1)

G(A), πρ(r
′) |= α (10)

Since (9) holds, we have thatpy∈I ∈ Ṽ(πρ(rm)). This implies thatr ∈ I. So, to conclude that
G(A), q |= E(αUIβ), it remains to show that for allrm−1 < r′′ < rm, G(A), πρ(r

′′) |= α holds.

Consider the following two cases:

• Let G(A), πρ(rm) |= α. Then, by the construction of the runρ, we have that for allrm−1 <
r′′ < rm eitherπρ(rm) ∼= πρ(r

′′) or πρ(rm−1) ∼= πρ(r
′′). SinceG(A), πρ(rm) |= α and

Condition (10) and Lemma 4.5 holds, we have that for allrm−1 < r′′ < rm, G(A), πρ(r
′′) |=

α.

• Let G(A), πρ(rm) |= pb. Then, by the construction of the runρ, we have that for allrm−1 <
r′′ < rm, πρ(rm−1) ∼= πρ(r

′′). Since Condition (10) and Lemma 4.5 hold, we have that for
all rm−1 < r′′ < rm, G(A), πρ(r

′′) |= α.

Therefore, we conclude thatG(A), πρ(0) |= E(αUIβ). Sinceπρ(0) = (l0, v0) = (l, v�X), we
have thatG(A), (l, v�X) |= E(αUIβ).

• ϕ = cr(A(αUIβ)). The proof is similar to theEUI case.
ut

6. Discretisation

Here we show how to represent the dense model by a specially chosen representatives that enjoys the fol-
lowing two properties. Firstly, the discretised model (seeDefinition 6.1) that is defined over these special
representatives preserves validity of CTLy

−G formulae. Secondly, both the region graph and the discre-
tised model (build for the same automaton) preserve the sameset of CTLy−G formulae; the reason why
we introduce this new model, is that the discretised model constitutes the base for the implementation of
the BMC method, presented later on.

We start off with some auxiliary notions. LetQ be a set of rational numbers. For everym ∈ N, we
defineDm by { n

2m | n ∈ N}, Em byDm \ {0}, the setD of the discretised clock values as
⋃∞
m=0Dm,
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and the setE of labels as
⋃∞
m=1Em. The following two lemmas constitute the base for the definition of

the discretised model.

Lemma 6.1. ([37])
For everyv ∈ RX there existu ∈ DX such thatu ∼= v.

Lemma 6.2. ([37])
Let v ∈ RX be a clock valuation,δ ∈ R, andm ∈ N. Then for eachu ∈ DX

m such thatu ∼= v there
existsδ′ ∈ Em+1 such thatv + δ ∼= u+ δ′. Moreover,u+ δ′ ∈ DX

m+1.

We can now define a discretised model forA.

Definition 6.1. (Discretised model)
Let A = (Σ, L, l0,X,I, R,V) be a timed automaton. Adiscretised modelfor A is the tupleM =

(Σ ∪ E,S, s0, Ṽd,→d), whereS = L × DX is a set of (discretised) states,s0 = (l0, v0) is the initial
state,Ṽd : S 7→ 2PV is a valuation function such that̃Vd((l, v)) = V(l), and the transition relation→d is
defined as follows:

• Time transitions: for anyδ ∈ E, (l, v)
δ
→d (l, v + δ) iff (l, v)

δ
→ (l, v + δ) in G(A) and(∀δ′ ≤ δ)

v + δ′ ∼= v or v + δ′ ∼= v + δ

• Action transitions: for anyσ ∈ Σ, (l, v)
σ
→d (l′, v′) iff (∃v′′)(∃δ) such that(l, v)

δ
→d (l, v′′) and

(l, v′′)
σ
→ (l′, v′) in G(A)

Definition 6.2. (Satisfaction for CTLy−G over the discretised model)
Let M = (Σ ∪ E,S, s0, Ṽd,→d) be the discretised model forAϕ, s ∈ S, α, β formulae of CTLy−G,
→A denote the part of→d, where transitions are labelled with elements ofΣ ∪ E, and→y denote the
transitions that reset the clocky. A pathπ inM is a sequence(s0, s1, . . .) of states such thatsi →A si+1

for eachi ∈ N, andΠ(s) denotes the set of all the paths starting ats in M . The satisfaction relation|= is
defined inductively as follows:

M,s |= p iff p ∈ Ṽd(s),

M,s |= ¬p iff p 6∈ Ṽd(s),

M,s |= α ∨ β iff M,s |= α or M,s |= β,

M,s |= α ∧ β iff M,s |= α and M,s |= β,

M,s |= Ey(αUβ) iff (∃s′ ∈ S)(s →y s
′ and

(∃π ∈ Π(s′))(∃m ≥ 0) [M,π(m) |= β and(∀j < m) M,π(j) |= α]),

M,s |= Ay(αUβ) iff (∃s′ ∈ S)(s →y s
′ and

(∀π ∈ Π(s′))(∃m ≥ 0) [M,π(m) |= β and(∀j < m) M,π(j) |= α]).

A CTLy−G formulaϕ is valid in M (denotedM |= ϕ) iff M,s0 |= ϕ, i.e.,ϕ is true at the initial state
of M .

We will now prove that the discretised model preserves validity of CTLy−G formulae. We start off
with some auxiliary lemmas 6.3- 6.6.
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Lemma 6.3. Let X be a set of clocks, andu, v ∈ DX be clock valuations such thatu ∼= v. Then, for
any clock constraintcc ∈ C(X), u ∈ JccK iff v ∈ JccK.

Proof: Straightforward induction on clock constraints. ut

Lemma 6.4. Let u, v be clock valuations such thatu ∼= v. For everyδ ∈ E there existsδ′ ∈ E such that
u+ δ ∼= v + δ′.

Proof: We omit the proof as it is analogous to the proof of the Lemma 4.3 of [36] ut

Lemma 6.5. Let σ ∈ Σ, and lets1, s2 be states of a discretised modelM such thats1 ∼= s2. Then, for
each states3 ∈ S such thats1

σ
→d s3, there exists a states4 ∈ S such thats2

σ
→d s4 ands3 ∼= s4.

Proof: Straightforward, by using Lemma 6.3. ut

Lemma 6.6. Let s0, s′0 be two states of a discretised modelM such thats0 ∼= s′0, andπ a path inM such
thatπ(0) = s0. Then, there exists a pathπ′ of M such thatπ′(0) = s′0 and for eachi > 0, π(i) ∼= π′(i).

Proof: Straightforward, by Lemmas 6.4 and 6.5. ut

We can now show that states belonging to the same region (in fact, to the region restricted to the
discretised states only) satisfies the same set of CTLy

−G formulae.

Lemma 6.7. Let A be a timed automaton,ϕ a TCTL−G formula,M a discretised model forAϕ, l
a location inA, andu, v two clock valuations such thatv ∼= u. Then,M, (l, v) |= cr(ϕ) iff M, (l, u) |=
cr(ϕ).

Proof: [Induction on the length of TCTL−G formulae]. It is easy to see that the thesis holds for all the
propositional variables and for all the negations of propositional variables. Ifϕ is of the formα ∨ β or
α ∧ β, then the proof of the thesis is straightforward. So, it remains to prove that the thesis holds for
formulae of the formE(αUIβ) andA(αUIβ).

Consider a formula of the formE(αUIβ) and suppose thatM, (l, v) |= cr(E(αUIβ)). By the
definition ofcr and the satisfaction relation over the discretised model wehave

(∃(l′, v′) ∈ S)((l, v) →y (l′, v′) and (∃π ∈ Π((l′, v′)))(∃m ≥ 0) (11)

[M,π(m) |= (cr(β) ∧ py∈Ii ∧ (pb ∨ cr(α))) and (∀j < m) M,π(j) |= cr(α)])

Since(l, v) ∼= (l, u) and (l, v) →y (l′, v′), by Lemma 6.5 we have that there exists a state(l′′, v′′)
such that(l, u) →y (l′′, v′′) and(l′v′) ∼= (l′′, v′′). By Lemma 6.6 there exists a pathπ′ in M such that
π′(0) = (l′′, v′′), and for eachi ≥ 0, π(i) ∼= π′(i). Thus, by the induction hypotheses and by the cases
for conjunction and disjunction we have that

M,π′(m) |= (cr(β) ∧ py∈Ii ∧ (pb ∨ cr(α))) and (∀j < m) M,π′(j) |= cr(α)

Thus, it follows thatM, (l, u) |= cr(E(αUIβ)).
The proof of the caseA(αUIβ) is analogous. ut



B. Woźna and A. Zbrzezny / BMC forTECTL−G and Diagonal Timed Automata 15

We conclude the section with a lemma that stays that both the region graph and the discretised model
for a given automaton preserve validity of the same set of CTLy

−G formulae.

Lemma 6.8. Let A be a timed automaton,ϕ a TCTL−G formula,Mrg a region graph forAϕ, andM
a discretised model forAϕ. Moreover, for any stateq ∈ S, let [q] denote the equivalence class ofq
induced by the relation∼=. Then, for anyq ∈ S,M, q |= cr(ϕ) if, and only ifMrg, [q] |= cr(ϕ).

Proof: It is easy to see that the thesis holds for all the propositional variables and for all the negations of
propositional variables. Ifϕ is of the formα∨β orα∧ β, then the proof of the thesis is straightforward.
So, it remains to prove that the thesis holds for formulae of the formE(αUIβ) andA(αUIβ).

Consider a formulaϕ to be of the formE(αUIβ), and suppose thatM, q |= cr(E(αUIβ)). By the
definitions ofcr and the satisfaction relation for the discretised model we have

(∃q′ ∈ S)(q →y q
′ and (∃π ∈ Π(q′))(∃m ≥ 0) (12)

[M,π(m) |= (cr(β) ∧ py∈Ii ∧ (pb ∨ cr(α))) and (∀j < m) M,π(j) |= cr(α)])

Consider now the following pathπrg:

πrg = [π(0)], [π(1)], [π(2)], . . . (13)

It is obvious thatπrg is a valid path inMrg. Moreover, by Lemma 6.7 we have that

Mrg, [π(m)] |= (cr(β) ∧ py∈Ii ∧ (pb ∨ cr(α))) and (∀j < m) Mrg, [π(j)] |= cr(α) (14)

Sinceq →y q
′, by definitions of→d and→rg we have that[q] →y [q′]. Therefore, since (14) holds, it

follows thatMrg, [q] |= cr(E(αUIβ)).
Conversely, suppose thatMrg, [q] |= cr(E(αUIβ)). By definitions ofcr and the satisfaction relation

over the region graph we have

(∃[q′] ∈ Qrg)([q] →y [q′] and (∃π ∈ Π([q′]))(∃m ≥ 0) (15)

[Mrg, π(m) |= (cr(β) ∧ py∈Ii ∧ (pb ∨ cr(α))) and (∀j < m) Mrg, π(j) |= cr(α)])

Observe thatπ is of the following form:

π = [(l0, v0)], [(l0, v0) + δ10 ], . . . , [(l0, v0) + δn0

0 ], [(l1, v1)], (16)

[(l1, v1) + δ11 ], . . . , [(l1, v1) + δn1

1 ], [(l2, v2)] . . . ,

with (l0, v0) = q′, δji ∈ E, and allj ∈ {0, . . . , ni − 1} such that either(li, vi + δji )
∼= (li, vi + δj+1

i ) or
[(li, vi + δji )]

τ
→rg [(li, vi + δj+1

i )]. Next, take the following pathπd:

π = (l0, v0), (l0, v0) + δ10 , . . . , (l0, v0) + δn0

0 , (l1, v1), (l1, v1) + δ11 , . . . , (l1, v1) + δn1

1 , (l2, v2) . . . ,(17)

Since (15) holds, by the construction ofπd and Lemma 6.7 we have that

M,πd(m) |= (cr(β) ∧ py∈Ii ∧ (pb ∨ cr(α))) and (∀j < m) M,πd(j) |= cr(α) (18)

Since[q] →y [q′] holds, by the definition of→y, we have thatq →y q
′. Therefore, since (18) holds,

it follows thatM, q |= cr(E(αUIβ)).
The proof of the caseA(αUIβ) is analogous. ut
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7. Bounded Model Checking for TECTL−G

Let A be a time automaton, andϕ a TECTL−G formula, To perform bounded model checking for
TECTL−G we proceed by extending the technique used for TECTLK and diagonal-free automata [33].
Namely, we first translate the model checking problem from TECTL−G into that problem for ECTLy−G
as in Section 5, and then we define BMC for ECTLy

−G.

7.1. BMC for ECTL y
−G .

All the known BMC techniques are based on so calledk−bounded semantics. In particular, BMC for
ECTLy−G is based on thek−bounded semantics for ECTLy−G, the definition of which we present below.

7.1.1. Bounded Semantics

We start off with some auxiliary definitions. LetM = (Σ ∪ E,S, s0, Ṽd,→d) be a discretised model,
andk ∈ N+ a bound2. As before, we denote by→A the part of→d, where transitions are labelled with
elements ofΣ∪E, and by→y the transitions that reset the clocky. A k−pathπ inM is a finite sequence
of states(s0, . . . , sk) such thatsi →A si+1 for each0 ≤ i < k, and the set of all thek-paths starting at
s in M is denoted byΠk(s). A k-modelfor M is a structureMk = (Σ ∪ E,S, s0, Ṽd, Pk, Py), where
Pk =

⋃
s∈S Πk(s) andPy = {(s, s′) | s →y s

′ ands, s′ ∈ S}; note that the setPk ∪ Py completely
reflect the relation→d of M .

We can now define a bounded semantics for ECTLy
−G formulae. Letα, β be ECTLy−G formulae,

k ∈ N+ a bound, andMk, s |= α denotes thatα is true at the states of Mk. The bounded satisfaction
relation|= is defined inductively as follows:

Mk, s |= p iff p ∈ Ṽd(s), Mk, s |= α ∨ β iff Mk, s |= α or Mk, s |= β,

Mk, s |= ¬p iff p 6∈ Ṽd(s), Mk, s |= α ∧ β iff Mk, s |= α and Mk, s |= β,

Mk, s |= Ey(αUβ) iff (∃s′ ∈ S)((s, s′) ∈ Py and(∃π ∈ Πk(s
′))(∃0 ≤ j ≤ k)(Mk, π(j) |= β

and(∀0 ≤ i < j)Mk, π(i) |= α),

An ECTLy−G formulaϕ is valid in k-modelMk (denotedM |=k ϕ) iff Mk, s
0 |= ϕ, i.e.,ϕ is true at

the initial state of thek-modelMk.
We can now describe how the model checking problem (M |= ϕ) can be reduced to the bounded

model checking problem (M |=k ϕ).

Lemma 7.1. Let k ∈ N+, M be a discretised model,Mk its k-model, andϕ an ECTLy−G formula.
Then, for each states of M ,Mk, s |= ϕ impliesM,s |= ϕ.

Proof: By straightforward induction on the length ofϕ. ut

Lemma 7.2. Let M be a discretised model andϕ an ECTLy−G formula. Then, for each states of M
such thatM,s |= ϕ, there existsk ∈ N+ such thatMk, s |= ϕ.

2By N+ we denote the set of positive natural numbers, i.e., the set{1, 2, 3, . . .}.
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Proof: [Induction on the length ofϕ] The lemma follows directly for the propositional variables and
their negations. Next, assume that the hypothesis holds forall the proper sub-formulae ofϕ. If ϕ is equal
to eitherα∧ β or α ∨ β, then it is easy to check that the lemma holds. Considerϕ to be of the following
forms:

• ϕ = Ey(αUβ). By the definition of theunboundedsemantics we have that there exists a state
s′ in M such thats →y s

′ and there exists a pathπ ∈ Π(s′) such that there existsm ≥ 0 with
M,π(m) |= β and(∀0 ≤ i < m)(M,π(i) |= α). Thus, by the inductive assumption we have that
there existskm ≥ m such thatMkm

, π(m) |= β, and there existski ≥ i such thatMki
, π(i) |= α

for all 0 ≤ i < m. Now, takek = max{k0, . . . , km} and consider the prefixπk of lengthk of the
pathπ. It is obvious thatπk ∈ Πk(s

′). By the definition of thek-model,(s, s′) ∈ Py. Therefore,
by the definition of theboundedsemantics we have thatMk, s |= Ey(αUβ).

ut

Theorem 7.1. LetM be a discretised model andϕ an ECTLy−G formula. Then,M |= ϕ iff there exists
k ∈ N+ such thatM |=k ϕ.

Proof: Follows from Lemmas 7.1 and 7.2. ut

7.1.2. Submodels ofk-models

The previous section ends with the following conclusion: toprove that an ECTLy−G formulaψ holds in
a discretised modelM , it is enough to prove thatψ holds in itsk-modelMk, for somek ∈ N+. In this
subsection we will show a stronger property. Namely, we willprove thatψ holds inM if and only if ψ
holds in as0-submodelof Mk. We start by defining the notion of this submodel.

Definition 7.1. (Submodel)
A s-submodelof k-modelMk = (Σ∪E,S, s0, Ṽd, Pk, Py) is a tupleM ′(s) = (Σ∪E,S′, s, Ṽ ′

d, P
′
k, P

′
y),

such thatP ′
k ⊆ Pk, S′ = {r ∈ S | (∃π ∈ P ′

k)(∃i ≤ k)π(i) = r} ∪ {s}, P ′
y ⊆ Py ∩ S′ × S′, and

Ṽ ′
d = Ṽd � S′.

The bounded semantics for ECTLy−G over as-submodelM ′(s) is defined as forMk.
We will now introduce a definition of a functionfk which will give us a bound on the number of

k-paths in thes-submodelM ′(s) and a functionfk,y that gives a bound on the number of elements of
the setP ′

y in thes-submodelM ′(s). We will show later that these two bounds guarantee that the validity
of ψ in M ′(s) is equivalent to the validity ofψ in Mk. The functionfk : WF 7→ N is defined by:

• fk(p) = fk(¬p) = 0, wherep ∈ PV ′,

• fk(α ∨ β) = max{fk(α), fk(β)},

• fk(α ∧ β) = fk(α) + fk(β),

• fk(Ey(αUβ)) = k · fk(α) + fk(β) + 1,

The functionfk,y : WF 7→ N is defined by:

• fk,y(p) = fk,y(¬p) = 0, wherep ∈ PV ′,

• fk,y(α ∨ β) = max{fk,y(α), fk,y(β)},
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• fk,y(α ∧ β) = fk,y(α) + fk,y(β),

• fk,y(Ey(αUβ)) = k · fk,y(α) + fk,y(β) + 1.

Lemma 7.3. Let M ′(s) andM ′′(s) be twos-submodels ofMk with P ′
k ⊆ P ′′

k , P ′
y ⊆ P ′′

y , andψ an
ECTLy−G formula. IfM ′(s) |=k ψ, thenM ′′(s) |=k ψ.

Proof: By straightforward induction on the length ofψ. ut

Lemma 7.4. Mk, s |= ψ iff there is as-submodelM ′(s) of Mk with |P ′
k| ≤ fk(ψ) and|P ′

y| ≤ fk,y(ψ)
such thatM ′(s), s |= ψ.

Proof: The ’right-to-left’ implication is straightforward. To prove ’left-to-right’ implication, we will
use induction on the length ofψ.

The ’left-to-right’ implication follows directly for the propositional variables and their negations.
Assume that the hypothesis holds for all the proper sub-formulae ofψ, and consider the following cases:

• Let ψ = α ∨ β andMk, s |= α ∨ β. By the definition of the bounded semantics we have that
Mk, s |= α orMk, s |= β. Hence, by induction we have that there is as-submodelM ′(s) of Mk

such thatM ′(s), s |= α and|P ′
k| ≤ fk(α) and|P ′

y| ≤ fk,y(α) , or there is as-submodelM ′′(s) of
Mk such thatM ′′(s), s |= β and|P ′′

k | ≤ fk(β) and|P ′′
y | ≤ fk,y(β). Now, consider as-submodel

M ′′′(s) of Mk such thatP ′′′
k = P ′

k andP ′′′
y = P ′

y if M ′(s), s |= α, P ′′′
k = P ′′

k andP ′′′
y = P ′′

y

otherwise. Thus,|P ′′′
k | ≤ max{fk(α), fk(β)} and|P ′′′

y | ≤ max{fk,y(α), fk,y(β)}. It is obvious
thatM ′′′(s), s |= α orM ′′′(s), s |= β. Therefore, by the definition of the bounded semantics we
have thatM ′′′(s), s |= α ∨ β.

• Let ψ = α ∧ β andMk, s |= α ∧ β. By the definition of the bounded semantics we have that
Mk, s |= α andMk, s |= β. Hence, by induction we have that there is as-submodelM ′(s) of
Mk such thatM ′(s), s |= α and |P ′

k| ≤ fk(α) and |P ′
y| ≤ fk,y(α), and there is as-submodel

M ′′(s) of Mk such thatM ′′(s), s |= β and|P ′′
k | ≤ fk(β) and|P ′′

y | ≤ fk,y(β). Now, consider the
s-submodelM ′′′(s) of Mk such thatP ′′′

k = P ′
k ∪ P

′′
k andP ′′′

y = P ′
y ∪ P

′′
y . It is easy to observe

that |P ′′′
k | ≤ fk(α) + fk(β) and |P ′′′

y | ≤ fk,y(α) + fk,y(β). So, by Lemma 7.3, we have that
M ′′′(s), s |= α andM ′′′(s), s |= β. Therefore, by the definition of the bounded semantics we
have thatM ′′′(s), s |= α ∧ β.

• Let ψ = Ey(αUβ) andMk, s |= Ey(αUβ). By the definition of the bounded semantics, there is
a states′ ∈ S such that(s, s′) ∈ Py and there is ak−pathπ ∈ Πk(s

′) such that

(∃0 ≤ m ≤ k)(Mk, π(m) |= β and (∀0 ≤ i < m)Mk, π(i) |= α) (19)

Hence, by the inductive assumption, for alli such that0 ≤ i < m there areπ(i)-submodels
M i(π(i)) of Mk with |P ik| ≤ fk(α) and|P iy| ≤ fk,y(α) and

M i(π(i)), π(i) |= α (20)

and there is aπ(m)-submodelMm(π(m)) of Mk with |Pmk | ≤ fk(β) and|Pmy | ≤ fk,y(β) and

Mm(π(m)), π(m) |= β (21)



B. Woźna and A. Zbrzezny / BMC forTECTL−G and Diagonal Timed Automata 19

Consider as-submodelM ′(s) ofMk such thatP ′
k =

⋃m
i=0 P

i
k∪{π} andP ′

y =
⋃m
i=0 P

i
y∪{(s, s

′)}.
Thus, by the construction ofM ′(s), we have that(s, s′) ∈ P ′

y andπ ∈ P ′
k. Therefore, since

conditions (19), (20), and (21) hold, by the definition of thebounded semantics, we have that
M ′, s |= Ey(αUβ) and|P ′

k| ≤ k · fk(α) + fk(β) + 1 and|P ′
y| ≤ k · fk,y(α) + fk,y(β) + 1.

ut

From Lemma 7.4 we can now derive the following.

Corollary 7.1. Mk, s
0 |= ψ iff there is as0-submodelM ′(s0) of Mk with |P ′

k| ≤ fk(ψ) and |P ′
y| ≤

fk,y(ψ) such thatM ′(s0), s0 |= ψ.

Proof: It follows from the definition of bounded semantics and Lemma7.4, by usings = s0. ut

Theorem 7.2. LetM be a discretised model,Mk its k-model, andψ an ECTLy−G formula.M |= ψ iff
there existsk ∈ N+ and there existss0-submodelM ′(s0) of Mk with P ′

k ≤ fk(ψ) and|P ′
y| ≤ fk,y(ψ)

such thatM ′(s0) |=k ψ.

Proof: Follows from Theorem 7.1 and Corollary 7.1. ut

7.1.3. Translation to Boolean formulae

As it was mentioned before, the main idea of BMC for ECTLy
−G consists in translating the model

checking problem for ECTLy−G into the problem of satisfiability of a propositional formula. Given an
ECTLy−G formulaψ and a discretised modelM , this proposition formula is of the following form:

[M,ψ]k = [Mψ,s0 ]k ∧ [ψ]
[0,0]
k

The first conjunct of[M,ψ]k represents all the possibles0-submodels ofM that consist offk(ψ)
k−paths ofM . The second conjunct of[M,ψ]k encodes a number of constraints that must be satisfied
on thes0-submodels ofM , which consists of all thek-paths ofM , for ψ to be satisfied. Once this
translation is defined, checking whether[M,ψ]k is satisfiable is done by using a SAT-checker.

Assume that each states of the discretised modelM is encoded by a bit-vector whose length, sayb,
depends on the number of locations, the number of clocks, andon the boundk ∈ N+. Then, each state
s of M can be represented by a vectorw = (w[1], . . . , w[b]) (called aglobal state variable), where each
w[i] is a propositional variable fori = 1, . . . , b. A finite sequence(w0, . . . , wk) of global state variables
is called asymbolick-path3.

A finite sequence(w0, . . . , wk) of global state variables is called asymbolick-path. In general, we
need to consider not just one but a number of symbolick-paths. This number depends on the formulaψ
under investigation, and it is returned as the valuefk(ψ) of the functionfk. Thej-th symbolick-path is
denoted byw0,j , . . . , wk,j , wherewi,j are global state variables for1 ≤ j ≤ fk(ψ), 0 ≤ i ≤ k. For two
global state variablesw,w′, we define the following propositional formulae:

• Is(w) is a formula overw, which is true for a valuationsw of w iff sw = s.

• p(w) is a formula overw, which is true for a valuationsw of w iff p ∈ Ṽd(sw), wherep ∈ PV ′,

3In general, we consider not just one but a number of symbolick-paths. This number depends on the formulaψ under investi-
gation, and it is returned as the valuefk(ψ) of the functionfk.
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• R(w,w′) is a formula overw,w′, which is true for two valuationssw of w and sw′ of w′ iff
sw →A sw′ (encodes the non-resetting transition relation ofM ),

• Ry(w,w
′) is a formula overw, w′, which is true for two valuationssw of w andsw′ of w′ iff

sw →y sw′ (encodes the transitions resetting the clocky).

The propositional formula[M,ψ]k is defined over a global state variablewn,m, for 0 ≤ m ≤ k and
1 ≤ n ≤ fk(ψ); the indexn denotes the number of a symbolic path, whereas the indexm the position at
that path. The formal definition of the first conjunct of[M,ψ]k is the following:

[Mψ,s0 ]k := Is0(w0,0) ∧

fk(ψ)∧

n=1

k−1∧

m=0

R(wm,n, wm+1,n)

The second conjunct of[M,ψ]k, i.e. the formula[ψ]
[0,0]
k is defined inductively as follows:

[p]
[m,n]
k := p(wm,n), [α ∧ β]

[m,n]
k := [α]

[m,n]
k ∧ [β]

[m,n]
k ,

[¬p]
[m,n]
k := ¬p(wm,n), [α ∨ β]

[m,n]
k := [α]

[m,n]
k ∨ [β]

[m,n]
k ,

[Ey(αUβ)]
[m,n]
k :=

∨fk(ψ)
i=1 (Ry(wm,n, w0,i) ∧

∨k
j=0([β]

[j,i]
k ∧

∧j−1
l=0 [α]

[l,i]
k )).

Lemma 7.5. LetM be discretised model,Mk its k-model, andψ an ECTLy−G formula. For each state

s of M , the following holds:[Mψ,s]k ∧ [ψ]
[0,0]
k is satisfiable iff there is a submodelM ′(s) of Mk with

|P ′
k| ≤ fk(ψ) and|P ′

y| ≤ fk,y(ψ) such thatM ′(s), s |= ψ.

Proof: (=>) Let [Mψ,s]k ∧ [ψ]
[0,0]
k be satisfiable. By the definition of the translation, the propositional

formula[ψ]
[0,0]
k encodes all the sets ofk−paths of sizefk(ψ) which satisfy the formulaψ and all the sets

of transitions resetting the clocky of sizefk,y(ψ). By the definition of the unfolding of the transition
relation, the propositional formula[Mψ,s]k encodesfk(ψ) symbolick-paths to be validk−paths ofMk.
Hence, there is a set ofk−paths inMk, which satisfies the formulaψ, of size smaller or equal tofk(ψ),
and there is a set of transitions resetting the clocky of size smaller or equal tofk,y(ψ). Thus, we conclude
that there is a submodelM ′(s) of Mk with |P ′

k| ≤ fk(ψ) and|P ′
y| ≤ fk,y(ψ) andM ′(s), s |= ψ.

(<=) The proof is by induction on the length ofψ and can be done in the same way as in [26].ut

Theorem 7.3. LetM be a discretised model, andψ an ECTLy−G formula. Then,M |= ψ iff there exists

k ∈ N+ such that[Mψ,s0 ]k ∧ [ψ]
[0,0]
k is satisfiable.

Proof: Follows from Theorem 7.2 and Lemma 7.5. ut

8. Experimental results

The BMC algorithm presented above has been implemented in the programming language C++, and
preliminary experiments have been performed. We have done this on the computer equipped with the
processor AMD Athlon XP 1800 (1544 MHz), 768 MB main memory, and the operating system Linux.

As a real time system to be model checked we have taken a modified Fischer mutual-exclusion
protocol (MUTEX) [37]. It is modelled by a network ofn diagonal timed automata, each one modelling
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Figure 2. A network of timed automata for a modified Fischer mutual exclusion protocol forn = 2

a process, together with one diagonal timed automaton modelling the global variable that is used to
coordinate the processes’ access to the protocol; the network is shown in Figure 2. The global system is
obtained as the parallel composition of the components; note that this protocol behaves in the same way
as the Fischer mutual-exclusion protocol described in [31].

We have checked the above protocol for fulfilment the following property: “it is possible that after
A time units Process 1 will get its critical section as the first one”. It can be expressed by the following
TECTL−G formulaϕ:

E((
∧

1<i≤n

¬ci)U[A,∞)c1)

whereci andcj , for i, j ∈ {1, . . . , n}, are propositional variables encoding the fact that the processi
(respectivelyj) is in its “critical section”.

Table 2 presents experimental results forϕ on one symbolic11−path, and Table 3 shows11−path
that is a witness forϕ and it was automatically generated by our tool.

9. The BMC technique for a subclass of TECTL−G formulae

In Section 4 we have defined the region graph as a model that is much coarser than the dense one. Then,
in Section 5, we have proved that the validity problem of a TCTL−G formulaϕ over the model forA
is equivalent to the validity of the corresponding CTLy

−G formula cr(ϕ) over the region graph forAϕ.
Next, in Section 7 we have defined the BMC technique for the existential fragment of TCTL−G and
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BMC MiniSat

NoP variables clauses sec MB sec MB

2 27454 82080 1.4 5.8 4.3 9.2

10 117142 353032 6.9 25.1 3.6 21.0

20 240614 725760 16.2 53.7 36.5 40.8

50 670168 2021414 56.3 95.7 41.6 96.6

100 1584196 4775170 171.0 207.9 80.8 238.4

150 2746492 8273730 334.4 182.6 123.1 410.7

200 4154717 12510105 579.0 684.1 213.9 614.5

Table 2. The results for propertyϕ whenA = 2 andB = 1.

locations clock valuations

depth P1 P2 V ar x1 x2 x3 x4 y

0 0 0 0 0 0
8192 0 0

8192 0 0
8192 0 0

8192 0 0
8192

1 0 0 0 04472
8192 04472

8192 04472
8192 04472

8192 04472
8192

2 0 0 0 1 0
8192 1 0

8192 1 0
8192 1 0

8192 1 0
8192

3 1 0 0 0 0
8192 0 0

8192 1 0
8192 1 0

8192 1 0
8192

4 1 0 0 08160
8192 08160

8192 18160
8192 18160

8192 18160
8192

5 1 0 0 1 0
8192 1 0

8192 2 0
8192 2 0

8192 2 0
8192

6 2 0 1 1 0
8192 0 0

8192 2 0
8192 2 0

8192 2 0
8192

7 2 0 1 13829
8192 03829

8192 23829
8192 23829

8192 23829
8192

8 2 0 1 2 0
8192 1 0

8192 3 0
8192 3 0

8192 3 0
8192

9 2 0 1 28191
8192 18191

8192 38191
8192 38191

8192 38191
8192

10 2 0 1 3 0
8192 2 0

8192 4 0
8192 4 0

8192 4 0
8192

11 3 0 1 3 0
8192 2 0

8192 4 0
8192 4 0

8192 4 0
8192

Table 3. A witness for the formulaϕ.

diagonal time automata. Thereby, we have provided a generalformalism for automated verification of
TECTL−G properties of real-time systems that are modelled via diagonal timed automata. However,
as each general technique, also this one can be improved by tailoring it into interesting subclasses of
TECTL−G properties. Here, we consider a subclass that is defined by the following grammar:

ψ := p | ¬ψ | ψ ∨ ψ | ψ ∧ ψ | E(ϕUIϕ), where
ϕ := p | ¬p | ϕ ∧ ϕ | ϕ ∨ ϕ
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We will now show that the above subclass can be evaluated overforward projection graph (FPG)that
differs from the region graph in the definition of time transitions only, which we now call theforward
projection transitions. The main idea behind the forward projection transitions consists in agglomerating
several timed transitions of region graph into one. Due to such an agglomeration, the length of searched
counterexamples becomes considerably shorter. Moreover,a single step of the counterexample is either
a time transition or an action transition only. In consequence, as the next section shows, the BMC method
for the chosen subclass, which is defined over FPG, is much more efficient than the BMC method for
this subclass defined over the region graph.

Let us move now to the formal background of the BMC method for the chosen subclass of TECTL−G.
We begin with a definition of a forward projection graph; the satisfaction relation for ECTLy−G formulae
over the forward projection graph is defined in the same way asover the region graph.

Definition 9.1. (Forward Projection Graph)
A forward projection graphfor the timed automatonA = (Σ, L, l0,X,I, R,V) is a tupleMfp = (Σ ∪

{τ∗}, Qfp, q
0
fp, Ṽfp,→fp), whereQfp = L × Z(|X|) is a set of regions,q0fp = (l0, {v0}) is an initial

region, Ṽfp : S → 2PV is a valuation function defined bỹVfp((l, Z)) = V(l), and→fp⊆ S × (Σ ∪
{τ∗}) × S is defined by:

• Time transition:(l, Z)
τ∗
→fp (l, Z ′) iff there existv ∈ Z andv′ ∈ Z ′ such that(l, v)

δ
→ (l, v′) for

someδ ∈ R+, and

• Action transition: For anyσ ∈ Σ, (l, Z)
σ
→fp (l′, Z ′) iff there existsZ ′′ such that(l, Z)

τ∗
→fp

(l, Z ′′) and there existv ∈ Z ′′ andv′ ∈ Z ′ such that(l, v)
σ
→ (l′, v′).

A consequence of the above definition is the following:

Lemma 9.1. Let A be a timed automaton,G(A) a dense model forA, ϕ belongs to the considered

subclass of TECTL−G formulae, andMfp the forward projection graph forAϕ. Further, let(l, v)�X
def
=

(l, v�X), and for any state(l, v)�X ∈ Q, [(l, v)] denote the equivalence class of(l, v) induced by the
relation∼=. Then,G(A), (l, v)�X |= ϕ iff Mfp, [(l, v)] |= cr(ϕ).

Proof: The proof follows directly from Lemma 5.1 and the definition of the valuation functioñVfp. ut

Now we will show that both the forward projection graph and the discretised model with the time
transitions replaced by the forward projection transitions preserve validity of the same set of ECTLy

−G

formulae. We start by giving a definition of a discretised model with forward projection; the satisfaction
relation for ECTLy−G formulae over the discretised model with forward projection is defined in the same
way as over the discretised model.

Definition 9.2. (Discretised model with forward projection)
Let A = (Σ, L, l0,X,I, R,V) be a timed automaton. Adiscretised model with forward projectionfor

A is the tupleM = (Σ ∪ E,S, s0, Ṽd,→d), whereS = L ×DX is a set of states,s0 = (l0, v0) is the
initial state,Ṽd : S 7→ 2PV is a valuation function such that̃Vd((l, v)) = V(l), and the transition relation
→d is defined as follows:

• Forward projection transitions: for anyδ ∈ E, (l, v)
δ
→d (l, v+δ) iff v ∈ JI(l)K andv+δ ∈ JI(l)K.
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• Action transitions: for anyσ ∈ Σ, (l, v)
σ
→d (l′, v′) iff (∃v′′)(∃δ ∈ E) such that(l, v)

δ
→d (l, v′′)

and(l, v′′)
σ
→ (l′, v′) in G(A)

As a result of the above definition we get the following lemma.

Lemma 9.2. LetA be a timed automaton,ϕ belongs to the considered subclass of TECTL−G formulae,
Mfp a forward projection graph forAϕ, andM a discretised model with forward projection forAϕ.
Moreover, for any stateq ∈ S, let [q] denote the equivalence class ofq induced by the relation∼=. Then,
for anyq ∈ S,M, q |= cr(ϕ) if, and only ifMfp, [q] |= cr(ϕ).

Proof: It is easy to see that the thesis holds for all the propositional variables and for all the negations of
propositional variables. Ifϕ is of the formα∨β orα∧β, then the proof of the thesis is straightforward.
So, it remains to prove that the thesis holds for formulae of the formE(αUIβ) andA(αUIβ).

Consider a formula of the formE(αUIβ) and suppose thatM, q |= cr(E(αUIβ)). By definitions of
cr and the satisfaction relation for the discretised model we have

(∃q′ ∈ S)(q →y q
′ and (∃π ∈ Π(q′))(∃m ≥ 0) (22)

[M,π(m) |= (cr(β) ∧ py∈Ii ∧ (pb ∨ cr(α))) and (∀j < m) M,π(j) |= cr(α)])

Consider now the following pathπrg:

πrg = [π(0)], [π(1)], [π(2)], . . . (23)

It is obvious thatπrg is a valid path inMfp. Moreover, by Lemma 6.7 we have that

Mfp, [π(m)] |= (cr(β) ∧ py∈Ii ∧ (pb ∨ cr(α))) and (∀j < m) Mfp, [π(j)] |= cr(α) (24)

Sinceq →y q
′, by definitions of→d and→fp we have that[q] →y [q′]. Therefore, since (24) holds, it

follows thatMfp, [q] |= cr(E(αUIβ)).
Conversely, suppose thatMfp, [q] |= cr(E(αUIβ)). By definitions ofcr and the satisfaction relation

over the region graph we have

(∃[q′] ∈ Qrg)([q] →y [q′] and (∃π ∈ Π([q′]))(∃m ≥ 0) (25)

[Mfp, π(m) |= (cr(β) ∧ py∈Ii ∧ (pb ∨ cr(α))) and (∀j < m) Mfp, π(j) |= cr(α)])

Observe thatπ is of the following form:

π = [(l0, v0)], [(l0, v0) + δ0], [(l1, v1)], [(l1, v1) + δ1], [(l2, v2)] . . .

with (l0, v0) = q′, δi ∈ E.
Next, take the following pathπd = (l0, v0), (l0, v

0)+δ0, (l1, v1), (l1, v1)+δ1, (l2, v2) . . .. Since (25)
holds, by the construction ofπd and Lemma 6.7 we have that

M,πd(m) |= (cr(β) ∧ py∈Ii ∧ (pb ∨ cr(α))) and (∀j < m) M,πd(j) |= cr(α) (26)

Since[q] →y [q′] holds, by the definition of→y, we have thatq →y q
′. Therefore, since (26) holds,

it follows thatM, q |= cr(E(αUIβ)).
The proof of the caseA(αUIβ) is analogous. ut

Given the above we can now apply the BMC technique, describedin Section 7, to the considered
subclass of TECTL−G formulae. As a model to be encoded we take the discretised model with forward
projection.
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9.1. Experimental results

Consider the MUTEX protocol from Section 8 and the propertyϕ = E((
∧

1<i≤n ¬ci)U[A,∞)c1) again.
Table 4 shows experimental results forϕ that has been generated via BMC technique defined over the
forward projection graph. In this settings we only need one symbolic 6−path to prove thatϕ is true in
the model of MUTEX; while the region graph is the base for the BMC technique, we need12−path to
prove the property.

Now consider the following property: “if A ≤ B, then the mutual exclusion property is violated”.
This property can be expressed by the following TECTL−G formula:

ψ = EF[A,∞](
∨

1≤i6=j≤n

(ci ∧ cj))

where the propositionsci andcj state that the processi (respectivelyj) is in its ”critical section”; here,
we would like to emphasise that we could not check this property via the BMC technique when the region
graph was considered as a basic model.

It is easy to see that for eachk > 0 the value of the functionfk for the formulaψ is equal to1. It
follows that the counterexample, if exists, can be found on one symbolick−path. The corresponding
experimental results are shown in Table 4 and Table 5. In particular, Table 5 contains results for the
“violated” mutual exclusion property on one symbolic12−path, and Table 6 shows a12−path that is
a witness for the propertyψ, and it was automatically generated by our tool.

BMC MiniSat

NoP variables clauses sec MB sec MB
2 4981 13834 0.2 1.0 0.0 4.3

10 20386 57580 1.1 4.2 0.2 6.5

50 125724 361312 9.6 26.5 1.7 21.1

100 318148 923263 29.2 69.9 2.1 49.6

200 905481 2654641 112.7 152.3 17.0 130.0

400 2890132 8547373 430.6 257.2 25.8 408.5

500 4286682 12706423 695.0 842.7 42.3 608.7

Table 4. The results for propertyϕ whenA = 2 andB = 1.

BMC MiniSat

NoP variables clauses sec MB sec MB
2 25430 69288 0.8 5.0 0.3 7.1

10 110860 308224 3.9 22.5 9.2 20.4

20 229607 642912 8.9 47.8 71.2 49.5

50 665698 1886712 33.6 141.4 2070.9 357.0

100 1660717 4764376 101.7 362.7 1820.7 511.9

Table 5. Mutual exclusion violated.k = 12,A = 3 andB = 2.



26 B. Woźna and A. Zbrzezny / BMC forTECTL−G and Diagonal Timed Automata

locations clock valuations

depth P1 P2 V ar x1 x2 x3 x4 y

0 0 0 0 0 0
256 0 0

256 0 0
256 0 0

256 0 0
256

1 0 0 0 4 0
256 4 0

256 4 0
256 4 0

256 4 0
256

2 1 0 0 0 0
256 0 0

256 4 0
256 4 0

256 4 0
256

3 1 0 0 2 1
256 2 1

256 6 1
256 6 1

256 6 1
256

4 1 1 0 2 2
256 2 2

256 0 0
256 0 0

256 6 2
256

5 1 1 0 2 7
256 2 7

256 0 5
256 0 5

256 6 7
256

6 2 1 1 2 14
256 0 0

256 0 10
256 0 10

256 6 14
256

7 2 1 1 4 15
256 2 1

256 2 11
256 2 11

256 8 15
256

8 3 1 1 4 30
256 2 2

256 2 22
256 2 22

256 8 30
256

9 3 1 1 4 63
256 2 35

256 2 55
256 2 55

256 8 63
256

10 3 2 2 4126
256 2 70

256 2110
256 0 0

256 8126
256

11 3 2 2 8126
256 6 70

256 6110
256 4 0

256 12126
256

12 3 3 2 8252
256 6140

256 6220
256 4 0

256 12252
256

Table 6. Mutual exclusion violated - a witness.

10. Final Remarks

Our paper extends and improves the results of [27] and [24], where a general BMC approach for the
existential fragment of TCTL and diagonal-free automata was described. The idea of BMC is taken from
the paper [5]. Timed Automata have been defined and investigated in many papers [1, 31], but we adapt
the definition given in [31]. Model checking for TCTL−G was considered by several authors using
different approaches: over clock region models [1], on-the-fly [6], space-efficient [16], over minimal
models [31, 12], and using SAT-methods [27, 29]. Our approach is closely related to [2] and [31], from
which we draw the idea of translating of the model checking problem for TCTL−G to the model checking
problem for CTLy−G.

The paper presents preliminary experimental results only,but they show that the proposed verifi-
cation method is quite efficient and worth exploring. Since the literature for the formal verification of
diagonal timed automata does not provide any other TCTL−G model checking method that works on the
fragments of models under consideration, we cannot compareour results with others.
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